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PARAMETRIC BACKLUND TRANSFORMATIONS I:
PHENOMENOLOGY

JEANNE N. CLELLAND AND THOMAS A. IVEY

ABSTRACT. We begin an exploration of parametric Backlund transformations
for hyperbolic Monge-Ampere systems. (The appearance of an arbitrary pa-
rameter in the transformation is a feature of several well-known completely
integrable PDEs.) We compute invariants for such transformations and ex-
plore the behavior of four examples, two of which are new, in terms of their
invariants, symmetries, and conservation laws. We prove some preliminary
results and indicate directions for further research.

1. INTRODUCTION

In this paper we will study parametric Backlund transformations between second-
order hyperbolic Monge-Ampere equations for one function of two variables. These
are partial differential equations (PDEs) of the form

A(2aazyy — 22y) + Bzaa + 202y + D2y + E=0

where the coefficients A, B, C, D, E are functions of the variables z,y, 2, 2., z,. The
equation is hyperbolic if it has distinct, real characteristics at each point, i.e., if
AE — BD +C? > 0.

Before giving a formal definition, we consider the following classical example.

Example. Consider the pair of PDEs

Zy — Zg = A sin(z + 2),

(1)

_ 1 . _
2y + 2y = X sin(z — z)

for functions z(z,y), Z(x,y), with A a nonzero real number. By differentiating the
first equation with respect to y and the second equation with respect to = and
then adding or subtracting the two equations, it can be shown that any smooth
functions z(z,y), zZ(z,y) satisfying these equations must both be solutions of the
sine-Gordon equation

(2) Zgy = % sin(2z).

From another point of view, if z(z,y) is a known solution of (2], then is a
compatible, overdetermined system for Z(x,y). Solving this system, which only
requires integrating ordinary differential equations, yields new solutions of () which
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are Backlund transformations of the original solution. For example, taking z(x,y) =
0 yields

1
Z(z,y) = tan (e~ ATFRYFO),

These are the I-soliton solutions of the sine-Gordon equation.

The sine-Gordon equation is a classical example of an integrable system. The
remarkable features typical of such systems include an infinite sequence of conser-
vation laws, a method of solution by inverse scattering [7], and Bécklund transfor-
mations. (Indeed, the most interesting examples of Backlund transformations come
from integrable systems.) Note that the arbitrary parameter A appearing in the
Bécklund transformation () does not appear in the sine-Gordon equation itself.
This parameter plays a critical role in the theory of Backlund transformations of
integrable systems; for instance, it is possible to derive the infinite hierarchy of
conservation laws for the sine-Gordon equation by performing a series expansion
of the equations () in terms of A [I8]. Furthermore, () is equivalent to the sine-
Gordon AKNS system (with A as spectral parameter), which is the centerpiece of
the solution by inverse scattering [15].

Remark. The system (I is an auto-Bécklund transformation for sine-Gordon. In
general, Béacklund transformations can take solutions of one PDE and produce
solutions to a different PDE. For example, suppose that z(z,t) is a solution of the
nonlinear heat equation z; = (f(2)zs).. If y(x,t) is a solution to the equations

Yo = 2, Yt = f(Z)ZE
and we take z = 1/z to be a function of y and ¢, then z is a solution to another
nonlinear heat equation z; = (f(2)z,),, where f is related to f by zf(z) = Zf(2).
This example also shows that, in general, Backlund transformations may involve a
change of independent variable.

As in [6], we will generalize the notion of a Monge-Ampere equation slightly,
considering Backlund transformations between certain exterior differential systems
known as Monge-Ampere systems.

An exterior differential system (EDS) on a manifold M is a differentially closed
ideal 7 in the graded algebra, under wedge product, of differential forms on M.
Any system of partial differential equations can be formulated as an EDS Z, and
solutions of the PDE system correspond to integral manifolds of Z, i.e., submanifolds
N C M which satisfy the condition that all the forms in Z vanish when pulled back
to N.

Definition 1.1. A Monge-Ampére system I is an EDS on a 5-dimensional manifold
M such that Z is locally generated by a contact form 6 (i.e., a 1-form 6 with the
property that 0 A df A df # 0), the 2-form © = df, and another 2-form ¥ which is
linearly independent from © and wedge products involving 6.

A Monge-Ampere system 7 is hyperbolic if the homogeneous quadratic equation
(HO+vI)A(pO+v¥)=0 mod 6

has distinct real roots with homogeneous coordinates [u;, v;], ¢ = 1,2. This con-
dition agrees with the traditional definition of hyperbolicity, and it implies that
there are two independent linear combinations p; © 4+ v; ¥ which are decomposable
modulo #; i.e., they are each congruent modulo 6 to a wedge product of a pair of
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1-forms. Associated to Z are two Monge characteristic systems, each containing the
factors of one of these decomposable 2-forms, together with 6. (The characteristic
systems must each contain 6 because the factors of the decomposable 2-forms are
only well defined modulo 6.)

Remark. Those EDS which are generated algebraically by 1-forms and their exterior
derivatives are known as Pfaffian systems; the dimension of the space of 1-forms
in the system is the rank of the system. Any hyperbolic Monge-Ampere system is
equivalent, under prolongation, to a type of rank three Pfaffian system known as a
hyperbolic exterior differential system [3].

Example (cont’d). The sine-Gordon equation (2)) may be described as a hyper-
bolic Monge-Ampere system Z on R® (with coordinates (x,v, z,p, q)) generated by
the forms
0 =dz— pdx — qdy,
(3) O = —dp Adx — dg A dy,
U = [dp — & sin(2z) dy] A da.

Two-dimensional integral manifolds of this system that satisfy the independence
condition dx A dy # 0 are naturally in one-to-one correspondence with solutions of

@)

Note that ¥ is decomposable; another decomposable linear combination of ¥
and © is U 4+ © = —[dg — 1 sin(2z) dz] A dy. Thus, the two characteristic systems
are

C1 ={dz—pdx —qdy, dp— %sin(2z) dy, dx},
Co ={dz —pdx — qdy, dq— % sin(2z) dx, dy}.
Given two hyperbolic Monge-Ampere systems (M,Z7) and (Ma,Z2), we define

a (non-parametric) Bdcklund transformation between (My,Z7) and (Mg, Z2) to be
a 6-dimensional submanifold B C M; x My which has the following properties:

1. The natural projections w1 : B — M; and 73 : B — Mo are submersions.
B
”/ x
My Mo,
2. The pullbacks to B of the forms 1, O4, Uy, U5 satisfy the condition that

(4) {\Ifl, \Ifg} = {@1, @2} mod 91,02.

Since ©1, ¥, are linearly independent forms (as are Oy, ¥5), this condition
implies that

{@1, \Ifl} = {@2, \I’Q} mod 91,02.

This second equation is really the desired property; the first equation en-
sures that, in addition, the forms 01, ©5 are linearly independent. We will
let J denote the EDS on B generated by the forms {61, 62, ©1, ©2}.

That this definition captures the properties of the sine-Gordon example may be
seen as follows: suppose that N — M is a two-dimensional integral manifold of Z;.
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The inverse image m; ' (N) is a three-dimensional submanifold of B. Now consider
the restriction of 75 (Z,) to 7, *(N). By Property 2 above, the restriction of 75 (Z,) to
T 1 (N) is a Frobenius system (i.e., a Pfaffian system which is generated algebraically
by its 1-forms). By the Frobenius Theorem (see, e.g., [1]), 7, *(N) is foliated by
two-dimensional integral manifolds of 73 (Zs), each of which projects to an integral
manifold of (Mg, Z3); moreover, these integral manifolds can be constructed by
solving ODEs.

Example (cont’d). Let M; = Mz = R® with coordinates (x,y, z,p, q) on M; and
above, defined on M; and My, respectively. For any fixed value of A\, the Backlund
transformation () may be regarded as the 6-dimensional submanifold B C M; x Mz
defined by the four equations

Remark. The definition given above for Backlund transformations can be general-
ized to arbitrary exterior differential systems Z;, Zo in such a way that it defines
an equivalence relation; see [L1] for details.

In [6], the first author used Cartan’s method of equivalence to classify all homo-
geneous non-parametric Backlund transformations of hyperbolic Monge-Ampere
systems. (Here, “homogeneous” means that the G-structure constructed via the
method of equivalence is assumed to be acted on by a transitive symmetry group,
implying that all structure functions are constants.) The restriction to the homo-
geneous case was necessary in order to simplify the computations in the method of
equivalence so that the classification could be completed explicitly. Unfortunately,
homogeneity is a significant restriction. In particular, the Backlund transformation
for the sine-Gordon equation is not homogeneous, so we expect that there are many
interesting transformations which do not appear in that classification.

In the present paper, we wish to explore Backlund transformations that depend
explicitly on an arbitrary parameter, as in the sine-Gordon case. To this end, we will
provisionally define a parametric Bdacklund transformation between two hyperbolic
Monge-Ampere systems (My,Z7) and (Ms,Z2) to be a 7-dimensional submanifold

P C My x My x R,
with coordinate A on the R factor, such that for each Ag € R, the set
3)\0 =PnN (Ml X MQ X {)\0})

is a non-parametric Bicklund transformation. (We will let 71, w2 also denote the
submersions from P to M;, My respectively.) We will associate a canonical G-
structure to such a transformation, and we will see that the transformation’s non-
trivial dependence on A will be equivalent to the nonvanishing of certain invariants
appearing in the structure equations (see Definition below).

Ultimately, we hope to explore the relationship between Bécklund transforma-
tions and other features typically associated with integrable systems, such as sym-
metries of the system or an infinite hierarchy of conservation laws (of arbitrarily
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high order). In this paper we will explore in some detail the behavior of four
examples of parametric Backlund transformations:

e the sine-Gordon transformation described above;

e a new parametric transformation, based on a non-parametric transforma-
tion given by Zvyagin [I7], between the wave equation and a quasilinear
PDE which we refer to as Goursat’s equation;

e the classical auto-Béacklund transformation between surfaces of constant
Gauss curvature K = —1 in E3;

e a new auto-Backlund transformation between timelike surfaces of constant
mean curvature (CMC) equal to 1 in the negatively curved Lorentzian space
form H?! (also known as anti-de Sitter space).

We will see that:

e In the first two examples, nontrivial dependence on a parameter arises from
symmetries of the underlying Monge-Ampeére systems (My,Z;), (Mz, Z2),
but no such symmetries lead to the parametric dependence in the other
two examples.

e In the first two examples, each characteristic system contains a rank one
integrable subsystem, whereas in the K = —1 example none of the char-
acteristic systems contains such a subsystem, and in the CMC example
exactly one of the characteristic systems for each of Z; and Z, contains
such a subsystem. For this reason we regard the CMC example as some-
how exhibiting behavior “in between” that of the other examples.

e In the sine-Gordon example, each Monge-Ampere system has a 3-dimen-
sional space of conservation laws (specifically, first-order conservation laws;
see §3 for more details), while the space of conservation laws for the system
d on B, is 4-dimensional, and is the sum of the pullbacks of the spaces of
conservation laws from M; and Ms. By contrast, in the K = —1 example
each Monge-Ampere system has a 6-dimensional space of conservation laws,
and the space of conservation laws on B, is a 7-dimensional space in which
the sum of the pullbacks forms a 6-dimensional subspace. (In the other two
examples the space of conservation laws for each Monge-Ampere system is
infinite-dimensional.)

In the sequel to this paper, we plan to determine the relationship between these
properties and certain invariants appearing in the structure equations of the G-
structure associated to parametric Backlund transformations in general. Some ini-
tial results in this direction will appear in Section [1

2. A CANONICAL G-STRUCTURE

In this section we will associate a canonical G-structure to a parametric Backlund
transformation between two Monge-Ampere systems (My,Z;), (Ma, Z2).

Suppose that P € M; x My x R is a parametric Backlund transformation as
described above. Let 8, 5 denote locally defined 1-forms on P which are the
pullbacks of the contact forms on My, Ma, respectively. (For the present, we will
use barred letters to denote forms and functions on P and unbarred letters to denote
the corresponding semi-basic forms and functions defined on a G-structure over P.)
Let ¢ be an integrable 1-form on P whose pullback to each slice By, vanishes
identically, so that ¢ is a multiple of d\, and let K denote the span of {0y, 0, (}.
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Recall that the Cartan system (also called the retracting space [1]) of a Pfaffian
system Z is the smallest Frobenius system containing Z. In particular, the Cartan
system of a single 1-form 6 is spanned by # and the forms which appear in df mod
f, and the dimension of this Cartan system is the Pfaff rank of 6. Since

(5) d(=0 mod(,

the Pfaff rank of ¢ is one. Since each 6; is the pullback of a contact form on a 5-
dimensional manifold, its Cartan system has rank 5 and consists of 1-forms which
are semi-basic for m;, i.e., they vanish on vectors tangent to the fibers of m;. We
are free to modify each of 61,65, and ¢ by multiplying by a nonzero function, and
if we do so, their Pfaff ranks and Cartan systems do not change.

Let Ci1,Cio denote the Monge characteristic systems of Z;. Since each slice B,
defines a Bicklund transformation between Z; and T, there are 1-forms @', @2, @3,
@* on P such that

WTCII = {9_17@1;@2}; ’/T;CQI = {52;@175)2%
7TT612 - {él7a)3)@4}a W;CQQ - {ég,@37@4},
when restricted to By,. (See [6] for a detailed construction of this coframe on any

slice.) Since df; mod 6; must be a linear combination of decomposables in C;; and

Ci2, we have
do, = A, ' No? + A3 0® Aot mod 64, C,
dby = Ay N@? + Ay ® Aw* mod s, ¢

(6)

for some nonzero functions A; on P such that A; Ay — A3 A, # 0 at each point. This
implies the analogue of (@),

{70y, Wy} = {dfy,df;} mod K.

We are free to modify the e by scaling and adding multiples of ¢, and we will
use this to arrange that A3 =1 = A4 and that, on P,

(7) mCn = {01,0",0%,  mCa = {02,0° 0"}
(This condition determines the spans {©',©*} and {©% "} uniquely.) Conse-
quently, there are functions D; on P such that
- doy = A, ' NO® + P Aot + (A (D3@® + Dyw?) mod 6y,
dfy = ' N@? + Ay P A + (A (D1 @ + Dyw?) mod 6,
with A; A4, # 1, and
(9) 7Cra = {61, @ + Ds(, ©* — Ds(}, m3C21 = {02, @" + DoC, ©* — D1(}.
~ Now let G be the sub-bundle of the coframe bundle of P consisting of all coframes
(C, 01, s, O, 02, 03, @) satisfying the conditions (), (@), [®), (@) above. Then §

is a G-structure on P, where G C GL(7,R) is the 9-dimensional group of matrices
of the form

t00
0s0
00r

0
s 0 0
0" R ol |RS€GLE2R), r=det(R), s=det(S), t #0
0 0 8
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2

There are canonical 1-forms (¢, 01, 62, w!, w?, w3, w?) on G defined by the property
0B -2

that for any section o = (C, 01, 0, @', ©2, @3, @) : P — G we have
(10) o*(Q) = ¢, 0" (6:) = bs, 0" (W) ="

These forms are semi-basic for the projection from G to P and will henceforth be
referred to as the semi-basic forms on G. The reproducing property () implies

that
() d91EAlwlAw2+w3/\w4+CA(D3w3+D4w4) mod 64,
dfy = w' Nw? + Ay wP Aw? + CA (D w! + Dyw?)  mod 6

where A;, D; are functions on G such that 0*(4;) = A; and o*(D;) = D, for any
section o. The Cartan systems Rq,Ro of 61,65 on G are given by

1,2 ~3 ~4 ~1 ~2 3 4
Ri={01,w ,w”,w’, 0"}, Ro = {02,007, 0", w’,w"},
where, for the sake of convenience, we define
~1 1 ~2 2 ~3 3 ~4 4
w=w+Ds(, wW'=w'—D1(, w=w’+Dy4(, w' =w"-—D3(.

We will now proceed with the method of equivalence by trying to normalize
terms appearing in the exterior derivatives of the semi-basic forms on G. First, we
must compute the exterior derivatives of the w?.

Note that the pullbacks of the Monge characteristic systems of Z; are given by
{01,w!, w?} and {6;,w3,&*}, while the pullbacks of those of Z are {62, &', ©?} and
{02,w3,w*}. This implies that

12) do' =dw? =0 mod 0;,w",w? A%(Ry),
dw® = dw* =0 mod 0y, w?®,w*, A%(Ry)

and

13) do' =do? =0 mod 0y, &', &% A% (R,),

do® =do* =0 mod 01,5°%, &% A%(R,),

where A%(R;) denotes the span of wedge products of degree two, both of whose
factors belong to R;. Because ( is integrable, (I3) implies that

do' =dw? =0 mod ¢, 0s,w,w? A%(Ry),
dw® =dw* =0 mod ¢, 01, w® w? A%(Ry).
Together, (IZ) and ([d)) imply that

dw' = B0 N0y +CLP AN+ E (A

(14)

mod w!, w?,
deEBgel /\92+Cg(7)3/\(’:}4+E2C/\91

dw?’EBgf)l /\92+C3&71/\&72+E3C/\92
mod w?, w*
dw4EB491 /\92+C4(7)1/\(4~12+E4C/\92

for some functions B;,C; and E; on G.
A standard argument shows that on G there exist 1-forms «;, §;, v (referred to
as pseudo-connection, or simply connection forms), linearly independent from the
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semi-basic forms, such that

¢ Y0 0O 0 0 0 0 ¢ T

0, 0 Bi4fs 0O 0 0 0 0 0.1 o,

0o 0 0 apt+ay 0 0 0 0 0o O,

(15) d|w'| =- |0 0 0 ar ag 0 0| A ||+ |QF
w2 0 0 0 a3 Oy 0 0 w2 QQ

WP 0 0 0 0 0 B Bl |3 |0
_w4_ _0 0 0 0 0 63 64_ _w4_ _Q4_

These are the structure equations of §. The column on the far right consists of
2-forms which are sums of wedge products of pairs of semi-basic forms on G; these
forms are collectively known as torsion. Our assumptions about the G-structure
limit the kinds of terms that can occur as torsion, and we may also absorb some
torsion terms by adding semi-basic forms to the connection forms. In particular,
we can arrange that

T =0,
O1=Fi (A0 + A (W —C101) A (W = Ca6y) + (WP + Dy ) A (w* — D3Q),
Oy = Fo (AN by + Ay (w3 — C3605) A (w* — Cu02) + (W 4+ D2 ) A (w? — D1 (),
Ql23191/\92+Cl(w3+D4C)/\(w4—D3C)+E1§/\91,
Qo = Bo O Ay + Co (W + Dy O) A (wh — + EyC A by,
Q3 = B30 Ay + C3 (W' + Do ) A (w? — + E3C A6,

( ) A (

w 5¢)
1¢)
Q4= By ANy + Cy (W' + Do O) A (W2 — D1C)+E4§/\92

for some functions A;, B;, Ci, D;, E;, F; on G. (As noted previously, we must have
A1, As nonzero and A; Ay # 1.)

The right action of G on sections o of G is 0+ g = g~ 'o. This induces an action
on the torsion coefficients, as follows. The functions A, Ao, F}, F> are acted on
by scaling:

1

A1 —>7“S_1A1, A2 —>’I“_1SAQ7 F1 —>tF1, F2 —>tF2

(In particular, the product A;As is invariant on the fibers of G, so the condition
A1As # 1 makes sense.) The remaining coefficients occur naturally in pairs as
components of vectors and are acted on as follows:

By — rsR7! Bl}

1
B, | B, — 78S

—  sR7! |:C3 - St gg]v

D] it | D1 Ds] “1te | D3
[Dg_ = t)'R _DJ D, —(s7't)"S D.)
B ] 1 [Es Es] _1 [Es
[E2_ —  StR _E2:| {E;;_ — rtS _E4]'



PARAMETRIC BACKLUND TRANSFORMATIONS I: PHENOMENOLOGY 1069

In particular, we observe that the vanishing of any of these vectors is a well-defined
condition on P, as is the linear dependence or independence of certain pairs of
vectors, e.g., [B1 Bz] and [Cy Cy] or [Ey Ep). As well, the dot product of [Dy D3]
with any one of these three is a relative invariant, i.e., a quantity upon which G
acts by a nonzero scale factor.

We can make some elementary observations regarding how the vanishing of some
of these vectorial invariants implies the vanishing of others.

Proposition 2.1. If the vector [C1 Cs| vanishes identically on P, then so do [By Bs]
and [E1 Es]. Similarly, if [Cs C4] vanishes, then so do [Bs Ba| and [E3 E4].

Proof. Suppose that C; = Cy = 0. Differentiating the structure equations for dw?
and dw? and reducing modulo 6;,w!, and w? yields

= d(dwl) = (B —E 1 O)ANDP AT mod 0y, wh,w?,
0 =d(dw?®) = (B2by — E2() A@* AG* mod 6y, 0!, w?;

therefore, By = By = E; = E2 = 0. A similar argument shows that if [C3 Cy]
vanishes, then so do [B3 By4] and [E5 Ey). O

In all the examples considered below, both vectors [C; Cs] and [C3 Cy] are
nonzero.
The following two propositions are proved in [6].

Proposition 2.2. If both vectors [Cy Cs)], [C3 C4] vanish, then the Backlund trans-
formation is locally equivalent to a transformation between solutions of the wave
equation zz, = 0.

Proposition 2.3. If both of the vectors [C1 Cs], [Cs C4] are nonzero, then the
vectors [B1 Ba|, [Bs Ba] are either both zero or both nonzero.

If the vectors [By Bs] and [Bs Bj] both vanish, then for each A the Bécklund
transformation is holonomic in the sense described in [6].

Proposition 2.4. If both of the vectors [Cy Cs], [C3 Ci] are nonzero, then the
vectors [D1 D], [Ds Dy] are either both zero or both nonzero. Moreover, if the
D-vectors both vanish, then so do the vectors [E1 Esl, [Es E4] and the functions
£, Fy.

Proof. Suppose that D; = Dy = 0. Differentiating the structure equation for dfs
and reducing modulo 61, 6, either w' or w?, and either w? or w? yields

O—d(d92)5—01D4C/\w Aw mod 61,60, wh,w?,
=d(dby) = C 2Dy ¢ Aw! Aw? mod 61, 0,, w?, w3,
O—d(dgg)E—Cngg/\w Aw® mod 61,60, wh,w,

0=4d(dbs) = CoD3 ¢ Aw Aw® mod 61, 0s, w?, w?.

Since C; and Cs are not both zero, we must have D3 = Dy = 0. A similar argument
shows the converse.

Now suppose that Dy = Dy = D3 = D4 = 0. Differentiating the structure
equation for df; yields

=d(db1) = A (E56, Awt—E 05 A? — F WP /\w4) mod 61, w!, w?;
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therefore, F3 = E4 = F; = 0. Similarly, differentiating the structure equation for
dfs yields

0=d(db2) =C A (E1 6, Aw? — By Aw' — Fyw! /\wz) mod 6, w?, w?;
therefore, £1 = Ey = F> = 0. O
From this proposition we see that if either of the vectors [Di Das|, [Ds D4]
vanishes (and the corresponding C-vector is nonzero), then the structure equations
for df;, dw® contain no terms involving ¢. In that case, the Backlund transformation
depends trivially on the parameter A. Conversely, if these vectors are nonzero,

then the Bécklund transformation has nontrivial dependence upon A and may be
considered genuinely parametric. For this reason, we make the following definition.

Definition 2.5. A parametric Bdcklund transformation between two hyperbolic
Monge-Ampere systems (My,Z;) and (Mg, Z2) is a 7-dimensional submanifold

PCMy xMy xR

as described in the introduction, with the additional condition that the vectors
[D1 D3] and [D3 D4] do not both vanish.

3. THE SINE-GORDON EQUATION

In this and subsequent sections, we will drop the usage of bars to distinguish
between objects on P and the corresponding objects on §. (We will be working
mostly on P anyway.) Instead, bars will be used to distinguish between similar
coordinates (or similar coframes) on M; and M.

Biacklund transformation. As in the example given in the introduction, let M; =

7> be copies of the sine-Gordon system generated by the forms

0, =dz — pdx — qdy,
01 = —dp ANdx — dq N dy,
Uy = (dp — sin(22) dy) Adz = —(dg — 3sin(2z) dz) Ady mod O,

on My, and similar forms 03,05, ¥5 in terms of the barred variables on Ms. The
Bécklund transformation P C My x My x R is defined by the four equations

(16) p—p=Asin(z + 2),
1

Let K denote the span of the 1-forms 6y, #; and d\. On P, we have
dp — % sin(22) dy = dp — 5 sin(2z) dy mod dz, K,
dq — 3 sin(22) dz = —(dg — $ sin(2z)dz) mod dy, K.

From these, it follows that ©1 = —2¥, and O3 = —2¥; modulo K.
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G-structure invariants. We will use z,y,z,2,p,q, and \ as coordinates on P;
then p, g are given by the Backlund transformation equations

p=p+ Asin(z + 2),
(17) _ 1. i}
qg=—q+ X sin(z — z).

The coframe

w! = dz,
¢ =X2"ta),

w? = dp — Lsin(22) dy,
0, =dz — pdx — qdy, P = gsin(22)dy

3
=d
0y = dz — pdx — qdy, v ¥
wh = dq — L sin(2z) d
satisfies
df, = Ajw! Aw? + wd Awt
(18) 1 9 3 4 mod K
dfy = w ANw” + Asw® ANw
with A} =1, Ay = —1. To get a section of § we can modify w? and w* to
w® =dp — & sin(2z) dy + A (sin(z + 2) ¢ + cos(z + 2) 6)
w* = dg — L sin(22) dz + X" (sin(z — 2) ¢ — cos(z — 2) 61).
Using this modified coframe, we compute that
By C1 Ei] _\ 0 0 0
By Cy Es) sin(z+z) cos(z+2) cos(z+2)|’

D1 _ sin(z + 2)
Dy| = 0o |
By Cy Es| 1[ 0 0 0

By Cy Ei ) |[sin(z—2) —cos(z—2) cos(z—2)|’

[gi _ -t [sin(zo— z)] .

As well, F; = F5 = 0. We observe that

(1) The vector triples {[B1 Bz|, [Cy1 Cs], [E1 E:]} and {[Bs Bui], [Cs C4,
[E3 E4]} each span a one-dimensional space.

(2) Each D-vector is perpendicular to the corresponding C-vector.

(3) For both Z; and Z, each characteristic system contains a rank one inte-
grable subsystem, namely, those spanned by {dz} and {dy}.

In Section [7 we will show that condition (B]) follows from conditions (1) and (2).

Symmetries. The sine-Gordon equation has a three-dimensional group of symme-
tries, generated by translations in = and y and the Lie transformation L,,, defined
by

coptr, oy oy, 2z, p#0.
This is a symmetry of the sine-Gordon equation (@), as well as any “f-Gordon”
equation z;, = f(2). In other words, L, takes the graph of one solution z to that
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of another solution 2’ = L, - z, defined by

2 (x,y) = z(pw, p'y).

Now, suppose z, z are two solutions that satisfy the Backlund transformation equa-
tions (@) for A = Xg. Let the Lie transformation act simultaneously on both,
obtaining new solutions z’, Z’ respectively. Then z’, Z" satisfy (I)) for A = pAo. In
other words, the parameter in () is generated by lifting the Lie transformation.

This observation is not new; in fact, Rogers and Shadwick [16] show that, assum-
ing that the Béacklund transformation does not change the independent variables,
and that the symmetries of each differential equation are point transformations
which cover the same transformation of the independent variables (e.g., z — p =z,
y — uy), then this procedure always produces a one-parameter family of Backlund
transformations from a single Backlund transformation. While it would be interest-
ing to generalize this result to a less restrictive setting, at present we are concerned
with how simultaneous symmetries in each of the Monge-Ampeére equations mani-
fest themselves as diffeomorphisms of the 7-dimensional manifold P. Furthermore,
we will focus on infinitesimal symmetries, i.e., the vector fields which generate
symmetry transformations.

A vector field v is an (infinitesimal) symmetry of an EDS Z if £,¢ € T for any
form ¢p € Z. (Here £ denotes the Lie derivative.) Such vector fields form a Lie
algebra &7 under the usual bracket. A special subalgebra €7 consists of Cauchy
characteristic vector fields, which are simply vector fields annihilated by the 1-forms
in the Cartan system of 7.

It is straightforward to check that

0 0 n
V=27— =Y —Pr— a3
Ox y&‘y pap qaq
is the infinitesimal symmetry of the Monge-Ampere system (1) generating the Lie
transformation. Let v denote the corresponding vector field on Ms.
Proposition 3.1. In terms of coordinates x,y,p,q,z,z and t =log A on P,
0 4 0 0
W=2——Yy—— P — - =
or Yoy Pop " loq ot
is the unique vector field on P which covers v and v, i.e., T1,W = Vv and To,wW = V.
Proof. Suppose that
0] 0 0] 0 0 0]
=r— —Y— —p— —+A—+B—
W x(‘)m oy 0p+q8q+ 82+ ot
covers v, V. Since v—=dz = 0, we have A = 0. Since v—=dp = —p, we must have
—p=w-dp
=w-[dp — Acos(z + 2)(dz 4+ dz) — Asin(z + 2) di]
= —p—Asin(z + 2) B.
Then (IT) gives B = —1. O

Note that Proposition [31] implies that there is no vector field tangent to the 6-
dimensional level sets By of A which covers v and v. However, as has been observed
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by Igonin and Krasil’shchik [I0], there is a lift of v to B which generates the one-
parameter family of Biacklund transformations. We will now make this construction
explicit.

Let v be the lift of v to B = B; such that v—=dz = 0. Then V is not a symmetry
of the form 6y, since L¢8; = sin(z + z)dx + sin(z — z)dy. Thus, flow by Vv induces
a 1-parameter group of diffeomorphisms ¢; of B which preserve 6; up to multiple
(i.e., 01 =0 mod 61) but do not preserve 6. These are

t

ei(2,y,p,q,2,2) = (e'z, ey, e 'p,elq, 2, 2),

Now let ¢ : BxR — B be defined by ¢(z,y,p,q, 2, 2,t) = pi(z,y,p,q, 2, Z). One
computes that

©*0y = dz — (p — Asin(z + 2))dz — (—g + A\ 'sin(z + 2))dy mod dt,

where we have set A\ = e'. Thus, by splitting off the dt parts of these forms

and relabeling p*0y as 03 on P = B x R, we recover the parametric Backlund
transformation defined earlier.

Note that it is not clear how to choose the lift v so as to make this construction
work in general, nor is this question addressed in [I0]. However, some light may be
shed in 44, where we will see how this trick applies in another example.

Conservation laws. The space of conservation laws for an EDS 7 whose integral
manifolds have dimension 2 may be naturally identified with the set of closed 2-
forms in Z, modulo the exterior derivatives of 1-forms contained in Z, i.e., with the
quotient space
{®€7?|d® =0}
{dop|¢p eI}

Any conservation law for the Monge-Ampere system Z;, = {6;, ©;, ¥,} has a unique
representative of the form

(19) D=QWU,;+0; Ay

for some function @ and 1-form 7, while any conservation law for the system J =
{01, 02, ©1, ©2} on each slice By has a unique representative of the form

(20) @291/\714—92/\’}/2

for some 1-forms 71, y2 on By. (It is not difficult to show that any conservation
law for the system J on B, has a unique lift to a conservation law for the system
K = {61, 02, ¢} on P, and that conversely, any conservation law for K restricts to
a conservation law for J on each B). Thus, for ease of computation we will work
on B rather than on P when computing conservation laws.) Since 7}Z; C J, the
pullback of any conservation law for either of the Monge-Ampére systems Z; to B is
also a conservation law for J, though it typically must be modified by the exterior
derivative of a 1-form in J in order to appear in the form (20).

The condition that ® be a closed form in the ideal typically leads to an overde-
termined system of PDEs which must be satisfied by the coefficients of ®. Here we
will sketch the computation of the spaces of conservation laws in the sine-Gordon
example.

First we compute the conservation laws for the ideal Z;. (This will, of course,
be isomorphic to the space of conservation laws for Z,.) Suppose that

@ =Q|(dp— %(sinz)dy) Adx — (dg — %(sinz)dm) ANdy]+ 01 Ny
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is a closed form in Z;. Computing d® =0 mod 6#; shows that

Y= _Qp dp + Qq dg — (Qz +pQ.+ Sin(QZ) Qq) dx + (Qy +qQ.+ Sin(QZ) Qp) dy.

Then the condition d® = 0 gives a system of second-order PDEs for the function
(@ whose solutions are

(21) Q=ci(pr—qy)+c2ap+csq

for arbitrary constants ci, ca, c3. Thus the space of conservation laws for Z; (and
hence for 7, as well) is three-dimensional.

Remark. By applying the method of equivalence to hyperbolic Monge-Ampeére sys-
tems, one can determine which systems are variational, i.e., are contact-equivalent
to the Euler-Lagrange equation for a first-order Lagrangian [ L(z,y,u,p,q) dz dy.
For those which are variational, Noether’s theorem gives a one-to-one correspon-
dence between conservation laws and symmetries for the Monge-Ampere system.
The sine-Gordon equation is variational and has a three-dimensional symmetry
group, so it is no surprise that we arrive at a three-dimensional space of conserva-
tion laws.

Computing the space of conservation laws for J is considerably more involved.
We will use the coframing described above (with dA = 0 because we are restricting
to By), i.e.,

0, =dz — pdx — qdy,

0 =dz — pdx — qdy,

w! = dz,

w® = dp — Lsin(22) dy + A cos(z + ) 02,

w3 = dy,

wh =dq — L sin(2z) dz — A7 cos(z — z) 01
Suppose that
O = 0\ A (P w'+Pyw?+ P30+ Py wh) 402N (Q1 w' +Qo w? +Q3 w3 +Qs wh)+R O, A0y
is a closed form in J. Computing

d® =0 mod 0,0,
shows that Q1 = Py, Q2 = P>, Q3 = — P53, and Q4 = —P,. Next, computing
d® =0 mod w',w?, 6; — 6,
shows that
R= % cos(z — Z)Py — Acos(z + 2) Ps.

Then the condition d® = 0 gives a system of 14 first-order PDEs for the four
functions Pi, P», P3, Py. The compatibility conditions for this system lead to five

additional equations; the resulting system is not involutive, so it must be prolonged.
(See [IT] for details about the Cartan algorithm for linear Pfaffian systems.) Further
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analysis shows that the general solution of this system is
Py =ci[p+ 2 Asin(z + 2) — 2ysin(22) + A(pz + qy) cos(z + 2)] + cad peos(z + 2)
+ c3(Aqeos(z + ) — 3 sin(22)) + e Asin(z + 2),
P, =cix+ co,
Py =cilg— 22" "sin(z — 2) 4+ 2xsin(22) + A7 (pr — qy) cos(z — )]
+ ca(A " 'peos(z — 2) + 4 sin(22)) — czA " gcos(z — 2) + desA T sin(z — 2),
Py=cy+ecs

for arbitrary constants ¢, co,c3,cq. Thus the space of conservation laws for J is
four-dimensional.

Consider the following question: given a conservation law for 77, is its pullback
to J equivalent to the pullback of a conservation law for Zo? In other words, do
the pullbacks of the spaces of conservation laws for Z;, Zo span the same three-
dimensional subspace of the conservation laws for J? Perhaps surprisingly, the
answer in this case is no: it can be shown that any conservation law in Z; cor-
responding to a function @ of the form (I) with ¢; # 0 is not equivalent to the
pullback of a conservation law for Z,, and vice-versa. Thus, the four-dimensional
space of conservation laws for J is the union of the pullbacks of the three-dimensional
spaces of conservation laws for Z; and Z,.

4. GOURSAT’S EQUATION

In an 1899 memoir, Goursat [9] classified those equations of the form wu,, =
f(z,y, u, uz, uy) that are integrable, without prolongation, by the method of Dar-
boux (see also [I1], Ch. 6). The equation

/Wg /W
(22) Wey + 2"V =0
T+y
occurs at the head of Goursat’s list, and we will refer to it here as “Goursat I” or
simply as Goursat’s equation. (We will restrict our attention to solutions w(z,y)
for which the arguments of the square roots in (22)) are positive.)

Backlund transformation and symmetries. A Bécklund transformation link-
ing solutions of (22) with those of the wave equation u,, = 0 was given by Zvyagin
[177), and takes the form

U
Tty

u
Tty

(23) Uy = + V2w, Uy = 2wy.

As in the sine-Gordon example, we may use the symmetries of (22)) to construct a
parametric version of (Z3). Let M; = J'(R?, R) with coordinates x,y,w,p,q, and
My = J1(R% R) with coordinates #,y, u, p, 7. We regard (23), together with x =
and y = 7, as defining BS € M; x My. We pull back the contact forms to B to give
the usual rank two Pfaffian system J generated by

01 = dw — pdx — qdy, 0> = du — pdx — qdy,

where

u u
p = +v2p, = +1/2¢.
P= b T ey e
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In an earlier discussion of Darboux integrability ([8], p. 196), Goursat cited
[22) as one of the few known Darboux-integrable equations admitting a finite-
dimensional symmetry group. In fact, its symmetries take the form

axr+b _ay—b

A B —
W AWt B, T d L cy—d

where A # 0 and we may take (¢ %) € SL(2,R). In the case of linear substitution
for w, or for z and y, the vector field on M; which generates the symmetry has a
lift to B which also covers a symmetry vector field on My. However, consider the
vector field

0 0 0

2 2

= 2E oy

or Y oy xp@p

on My, which generates the following 1-parameter group of symmetries for (22):

0]
v=u +2yq8—q,

T
=
1—tz

(24) = y pr (I—tx)’p, g (1+ty)’q, wrew.

Y
— a———
1+ty
Proposition 4.1. There is no lift of v to B which covers a symmetry of the wave

equation on Ms.

Proof. Suppose
0 0 0 0 0
g — 2_ _ 2_ _ 2 . 2 . .
Ve ox Y oy xp8p+ yq8q+f8u

is such a lift, where f is an unknown function of z,y,w,p,q,u. The condition
L;6: =0 mod 6 implies that

f f
df =g+ —— +u+z/2p|de+ | ——— —u—1x\2q | dy,
If =962 <x+y V2p Tty V2q ) dy
where g is necessarily a function of z,y and u only. Further differentiation gives

0=d2f = x—;gdp/\d:ﬂ—wdq/\dy mod du A dz, du A dy, dz A dy,
P

Vv V2q

implying that ¢ = z and g = —y, a contradiction. O
Now let ¢; be the 1-parameter family of diffeomorphisms of B defined by (24))
along with u +— u. By Proposition 1] these will not be symmetries of J. Let

P C B x R be the open set on which ¢ is defined, and let ¢ : P — B be defined by
o(x,y,p, ¢, u, w, t) = ei(x,y, p, ¢, u,w). Then one computes that

. u(1l+ty) dx u(1l — tx) dy
=du—(—— 4 /2 - V2q) —2— .
0 = du ( Tty + p)l—tm + q Tty mod dt

r+vy

This form is the same as the pullback of 6 to the submanifold P € M; x My x R
defined by

(25) (1-tz)p= 7u(;_—:_—;y) + \/2_p, (1+ty)g= 7u(313 —_i— Zx) + \/ﬁ

It is straightforward to verify that these equations define a Bicklund transformation
for any ¢ for which the maps (24) are defined. To our knowledge, this parametric
transformation is new.
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G-structure invariants. The coframe

(26)
w! = dz,
= ((1-tz)(1 -t
(= (1—-ta)(1+1ty)) dt, 2o \/2_qdy7
0) = —— (dw — pdx — qdy) Vo wty
1*\/% p qay), (J.J?):dy,

0> = (1 — tx)(du — pdx — qdy),
Ao e V2o (% ﬂq) i@t
V2qg x4y 14ty

gives a section of § with 41 = y/p/q and Az = (1 — tz)/(1 + ty). With respect to
this coframe, we compute that

e o | P ool B I e

|:Bg 03 E3:|

By Gy Ey {o 0 0]’ [Dg} _ [—(1—m)(u+y\/@]

0 —(z+y) ™" Dy 0

—_

In this case, neither F} nor F3 is zero, nor is their ratio a constant. We observe
that

(1) Both vectors [By Bs] and [Bs By] are zero, indicating that, for each value
of ¢, this Backlund transformation is holonomic (see [6], Thm. 6.2).

(2) Both sets of B-, C- and E-vectors are linearly dependent, which is con-
sistent with the presence of one-dimensional integrable subsystems in the
characteristic systems.

(3) As in the sine-Gordon example, both D-vectors are perpendicular to the
corresponding F-vectors.

Remark. While the transformation (23] is implicit in [I7], the transformation given
there is actually

2 2
z—w z—w
(27) ZI—<,/’U)I+ QC-I-y) 5 Zy—(/wy+ x+y) P
where z(z, y) satisfies the wave equation z,, = 0 if and only if w(z, y) satisfies ([22)).
Moreover, z is related to u via the change of variable z = w+ 3u?/(x +y), implying
that

(28) 2y = %(uI)Q, zy = %(uy)2

In other words, the two wave equation solutions z and u are related by the trans-
formation (28). Such transformations can be characterized by the vanishing of all
B- and C-vectors (see [6], Thm. 3.1).

An interesting observation is that the Backlund transformation ([27)) is clearly
the composition of the transformations (23) and (28)), each of which are holonomic
(e.g., the B-vectors are zero). However, one can compute that for (27) the B-vectors
are nonzero, and therefore (27) is non-holonomic.

Conservation laws. We will compute the spaces of conservation laws for the wave
equation, for Goursat’s equation (ZZ), and for the ideal J on B; for any fixed value
of t.
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First we compute the conservation laws for the system
Iy = {du — pdx — gdy, dp Adzx, dgAdy},
which represents the wave equation u,, = 0. Suppose that
O =QI[dpANdx —dgAdy]+ 02 N~
is a closed form in Z;. Computing d® =0 mod 62 shows that
Y=-Qpdp+ Qgdq — (Qz +pQ.)dr + (Qy + 7Q) dy.

Then the condition d® = 0 gives a system of second-order PDEs for the function
(@ whose solutions are

(29) Q= f(z,p)+ 9,2
for arbitrary functions f,g. Thus the space of conservation laws for Z, is infinite-

dimensional and depends on two arbitrary functions of two variables.
Next we compute the conservation laws for the system

2./ 2./
7 = {dw — pdx — qdy, (dp—i— 2V dy) A dax, (dq—i— v da:) Ady},
xr+y xr+y

which represents Goursat’s equation (22). This computation is most easily carried
out using the coframe

0, = dw — pdx — qdy,

wlzdl‘, w :dy7
2,/ 2,/
wzzdp—l—ﬂd, w4=dq+ﬂdx.
Y
r+y r+y

Suppose that ® = Q [w! Aw? — w3 Aw?] + 6; Ay is a closed form in Z. Setting
dQ = Qo b + Q1w' + Q2w? + Q3w* + Qs
and computing d® = 0 mod #; shows that

7= (Ql_%Q> wh+ Qaw? — (Q3-%Q) w? — Qiw?.

Then the condition d® = 0 gives the first-order PDE

Q0 = 2p Q2 +2qQ4 + Q

0 2(z +y)/Pq
and four additional second-order PDEs for ). The compatibility conditions for this
system lead to three additional equations; the resulting system is not involutive, so
it must be prolonged. The prolonged system is involutive with the last nonvanishing
Cartan character s; = 2; so by the Cartan-Kéahler Theorem (see, e.g., [1]) the space
of solutions, and hence the space of conservation laws for (22)), depends on two
arbitrary functions of one variable. Note that (22) is not variational, so there is
no contradiction between the finite-dimensional symmetry group and the infinite-
dimensional space of conservation laws.
Finally, we compute the space of conservation laws for the system

g = {91) 627 61) 92}

on B, for some fixed t € R. We will use the coframe (01, 02, w!, w? w3 w*) defined
by (Z0), restricted to B.
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Suppose that
O = 0\ A (P w'+Pyw?+ P30+ Py wh) 402N (Q1 w' +Qo w? +Q3 w3 +Q4 wh)+ R 6; N
is a closed form in J. Computing d® =0 mod 64, 02 shows that

(1+ty) P — (1 —tx)Qy =0, VPP +/qQs3 =0,
(1+ty)P2—(1—tx)Q2:0, \/]_7P4+\/6Q4:0

Thus we may write

B = (1 —ta) 0y + (1 + ty) 62) A (Sy 0" + Sa0?)
+ (\/]_)91 — \/6(92)/\ (33w3 +S4w4)+R01 A 0o

for some functions Si,5%,53,Ss. Computing d® = 0 mod w?, w?, VPO — \/q02
shows that
(1+ty)Sa+ \/654

Tty '
Then the condition d® = 0 gives a system of 14 first-order PDEs for the four
functions S1, S92, S3,.54. The compatibility conditions for this system lead to three
additional equations; the resulting system is not involutive, so it must be prolonged.
The prolonged system is involutive with the last nonvanishing Cartan character
s2 = 2; so the space of solutions (and hence the space of conservation laws for J)
depends on two arbitrary functions of two variables.

Clearly, not every conservation law in J is the pullback of a conservation law for
(22), since the space of conservation laws for § is strictly larger than that for (22).
It may be that every conservation law in J is the pullback of a conservation law for
the wave equation, but because the Cartan-Kéahler analysis does not give explicit
solutions, this hypothesis is difficult to confirm or disprove.

R:

5. PSEUDOSPHERICAL SURFACES IN EUCLIDEAN SPACE

In this section we study pseudospherical surfaces as arising from integrals of a
Monge-Ampere system. We present the classical Backlund transformation in the
same context, as a double fibration fitting the description in 1. We calculate the
torsion coefficients for the corresponding G-structure, and note how these differ
from those in the sine-Gordon case. Since we are also interested in cases where a
one-parameter family of Backlund transformations may be generated by a symmetry
of one of the Monge-Ampere systems involved, we also calculate the symmetries of
the system for pseudospherical surfaces.

Surface geometry via moving frames. Let F be the bundle of Euclidean or-
thonormal frames on R3, on which the basepoint projection is x and the vector-
valued functions ej, ez, e3 give the members of the frame at x € R3. On J there
are canonical 1-forms n', nj- defined by resolving the differentials of these vectors in
the frame
dx = e;n’, de; = ejn{,

summation being understood on repeated indices. (Because the e; are orthonormal,
the 77;- form a skew-symmetric 3 X 3 matrix of 1-forms.) By differentiating these
defining equations we deduce the structure equations for F:

i

dn' = —ni An?,  dni = —nj AP
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For later use, we note that F can be identified with a matrix Lie group on which
the 7’s are left-invariant forms. For, we may embed the vectors of the frame in a
4 x 4 matrix

_(1 0 3
g(x A)ER x SO(3),

where the columns of A are ey, es, ez in order. Then

0o 0 0 o0
1 1.1
-1 n 0 mny 13 3
dg = € R’ ®so(3).
7 o 0 ®)

ot om0
The action of this group on F given by left-multiplication covers the Euclidean
motions in R3.

Given a regular surface S C R3, it is standard [12] to construct first-order adapted
framings along S, which are lifts into JF,

F

ay

S — R3

such that ej,es are tangent and es is normal to the surface. (Note that such
framings are not unique, since they may be modified by rotating e, es within the
plane they span.) These lifts are surfaces 3 C F to which 73 restricts to be zero, and
along which 7%, n? are linearly independent. It follows from the structure equations
that

(30) 0} |s= han' + hin’

for a symmetric 2 x 2 matrix of functions h;;, which are the components of the
second fundamental form of S relative to the basis e1,e2. The Gauss curvature
K and mean curvature H of the surface are respectively equal to the determinant
and one-half the trace of the matrix (h;;). Consequently, the restricted forms on X
satisty

AT =Kt AP
ni An® —n3 Ant =2Hn" An?.

The K = —1 system. A pseudospherical surface in R is one with K = —1 at
each point. For such surfaces, any first-order adapted framing is an integral surface
of the EDS Z generated by the 1-form 7% and the 2-forms dn® and
U =i A 40t AT

This would satisfy Definition [Tl for Monge-Ampere systems, except that the
underlying manifold F is 6-dimensional. However, the Cartan system of 7 is
{nt,n%,n3,m3,m3}. The integral curves of this Frobenius system are the fibers of a
projection F — U®, where U is the unit tangent bundle of R* and the projection
is given by taking es as the unit vector. (Consequently, moving along the fibers
corresponds to fixing the basepoint of a frame in F and rotating e; and e2.) By a
standard argument, the generating differential forms project to become well-defined
(up to multiples) on U, and so there is a well-defined EDS on U such that each in-
tegral surface in F which is transverse to the fibers corresponds to a unique integral
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surface in U. In this case, the EDS on U is a genuine Monge-Ampere system which
we will also call Z. That this system is hyperbolic follows from the factorizations

Utdp® = ") A3 = '), U —dp® = (nF —n?) A (03 + ).
In general, we may perform computations with the generators of Z up on F, knowing
that our conclusions will hold on U.

Relationship with sine-Gordon. By breaking the Cauchy characteristic sym-
metry of the system for pseudospherical surfaces, we can show how such surfaces
may be constructed from solutions of the sine-Gordon equation ().

On an open subset of the surface which is free of umbilic points, we may choose a
Darboux framing, i.e., a first-order adapted framing which diagonalizes the second
fundamental form. For such a framing, we have

n?\ _ (tang 0 n'
ns) 0 —cotp ) \n?)’

where ¢ € (0,7/2) is one-half of the angle between the asymptotic lines. We adjoin
¢ as a new variable, and enlarge our EDS to a rank three Pfaffian system {n?, 7} —
(tan @) n*, 93 + (cot ¢) n*} on F x R. The vanishing of the exterior derivatives of the
last two 1-forms implies that the forms 7'/ cos ¢ and n?/sin¢ are closed. Hence,
on any integral surface there exist local coordinates t;, s such that n! = (cos @) diy
and n? = (sin ¢) dta. It follows that x = (t; +t2)/2 and y = (t; —t2)/2 are arclength
coordinates along the asymptotic lines.

Substituting d¢ = ¢, dz + ¢, dy into the 2-forms of the EDS shows that 73 =
¢y dy — ¢, dx along any integral surface. It is then easy to see that the structure
equation dnd = 7} A n3 implies that ¢ satisfies the sine-Gordon equation

Ouy = %sin(2¢).
Conversely, if ¢(x,y) is a solution to the sine-Gordon equation, we may produce
a pseudospherical surface by integration. For, if we let A = (e, e2,e3) as before,
then the structure equations de; = e;n! imply that

(31)
0 —¢, —sing 0 ¢y —sing
%:A Ty 0 cos¢p |, %:A — ¢y 0 —cos¢
ox y

sing —coso 0 sing cos¢ 0

(This is an overdetermined system for matrix A(z,t), and its integrability condition
is the sine-Gordon equation for ¢.) So, given a solution to sine-Gordon, we may
obtain the framing by solving linear systems of ODE, and then solve for the surface
x(z,y) € R? by integrating the equations

ox X
(32) — = e1€08¢Q + ez sin @, — = e1C08¢ — easin @.

Ox dy
For example, the 1-soliton solution u = 4 arctan (exp(ax + a_ly)), a # 0, gives the
classical pseudosphere (i.e., the surface generated by revolving the tractrix about
its asymptote) when a? = 1 and gives Dini’s surface when a? # 1.

Remark. The relationship between solutions of the Monge-Ampere system for pseu-
dospherical surfaces and solutions of sine-Gordon can be described in terms of a
double fibration that is similar to the geometric definition for Backlund transfor-
mations given in §I1 For, let M = J!(R? R) carry the sine-Gordon system given in
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g3l and let U be the 5-dimensional quotient manifold on which Z lives. Then there
is a double fibration

MxF
M u

with the obvious projections. Moreover, BI)) and (B2) are equivalent to a Pfaffian
system S of rank six on M x F, with the property that if ¥ C M is any integral sur-
face of the sine-Gordon system, then S restricts to be Frobenius on Ny = 717 *(%).
Thus, Ny, is foliated by integral surfaces of S, each of which projects via 75 to give
an integral surface of Z. For this reason, we say that the pseudospherical system is
an integrable extension (see [2] or Ch. 6 of [I1]) of the sine-Gordon system. How-
ever, the double fibration described here does not give a Backlund transformation,
in the sense of JIl between the two Monge-Ampére systems.

Backlund transformation. The Bécklund transformation for pseudospherical
surfaces arises naturally in a classical context, the study of line congruences in
FEuclidean space. A line congruence is a two-parameter family of lines; associated
to the congruence are two focal surfaces to which each line in the family is tangent.
Leaving degeneracies aside, locally the lines give a 1-to-1 correspondence between
points on the focal surfaces.

Theorem (Bécklund). If the distance \ between corresponding points on the focal
surfaces and the angle 1y between the surface normal at corresponding points are both
constant, then the two surfaces have the same constant negative Gauss curvature,
and we say they are related by a Backlund transformation.

(For a proof using moving frames, see [4].)

For the rest of this section, we normalize the Gauss curvature to be —1. Then \ =
sint, and we may regard A or ¥ as the parameter in the Backlund transformation.

Let ¥ and F be two copies of the frame bundle. The starting point of the proof
of Bécklund’s Theorem is adapting frames (x,e1,e2,e3) and (X, é1, éa,é3) along
the two surfaces so that e; = €7 is tangent to the line connecting corresponding
points x and X. Then the graph of the Bécklund transformation is a 6-dimensional
submanifold of ¥ x F on which

X = x—l—/\el,
€1 = eq,
€2 = e2c0SY + e3sin 1,

€3 = e3C0SY — ey siny

for some constant A = sin. B
We will regard ([B3) as defining a 7-dimensional submanifold P C F x F x R.
Differentiating the above equations reveals the following relationships between the
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canonical forms:
7=t dy,0E =03 - dy,
7*\ [ cosy siny\ (n?— i
73 )~ \=siny cosyp) \n®—Ani)”
13\ [ cosy  siny (nl
3]~ \—=siny cosy) \nt)-
G-structure invariants. On P we will choose 1,03 to be multiples of 3,7 re-

spectively, and let K = {n® 73,d}. That (B3) really does define a Bicklund
transformation for pseudospherical surfaces follows from

di> =03 An3 +n' An? mod K.

Moreover, this shows us how we may choose a section of the G-structure § on P
associated to the Backlund transformation. The coframe

1_ 1 2
wo=1n —1n3,

¢ =dvy,

AR
1=z, 31 2
6= o, Y TNt

ot = =

satisfies (I8) with A; = —1 and As = 1. If we modify this coframe by setting

1+ costy -
w2:772+77§_ Sil’l’lp 3;
Wt =q' + 13,
1 —cos 5 1 l—cosy_
4_ .2 1 3_ 22 o1 3
wh=n"—n3+ 7sin1p Ui =3 Sin ¥ m,
then we get a section of §. Using this modified coframe, we compute
Bl Cl E1 _ 1 CSCQ/J 0 0 D1 o 0
By Cy Ez| 4(1—cosy) | O —2siny 2|’ Dy| |1 +cosy|’
Bg Cg E3 _ -1 CSCIb 0 0 D3 o 0
By Cy Esl 4(1+cosy)| O 2siney 2|’ Dyl |1 —cosy|’

Again, F} and Fy are nonzero, and their ratio is non-constant. We observe that

(1) The vector pairs {[By Bz], [C1 C2]} and {[B3 B4], [C3 C4]} are both linearly
independent, by contrast with the sine-Gordon example.

(2) As in the sine-Gordon example, the vectors [Dy Ds] and [Ds D4] are per-
pendicular to their respective B-vectors, and the E-vectors are dependent
on their respective C-vectors.

Symmetries. For the pseudospherical surface system on &, the Cauchy character-
istic vector fields correspond to infinitesimal rotation of the frame within the ejes
plane. Other symmetries generate the six-dimensional group of Euclidean motions
of R3, and these vector fields are precisely the right-invariant vector fields on F as
a Lie group.

Proposition 5.1. These are the only symmetries of the pseudospherical system T.
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Proof. Choose a finite-dimensional complement to €7 C &7 by requiring that the
symmetry vector field satisfy v —ni = 0. We will show that the space of such
symmetries is 6-dimensional, and hence consists only of the projections of the right-
invariant vector fields into the complementary subspace.

Suppose that

van® =, v=n' = ay, v—'n?:bi
for i = 1,2. Then the requirement that £,7° € Z implies that
(34) dx = a;nh +bn' mod n>.
Therefore, let ¢ be the n3-component of dz. Differentiation gives
0=d(dx) =a; Ant+ B An' +yAn?
where o; = da; — ajn{, B; = db; — bjn{ —en?, v = de — bini, and all indices range

between 1 and 2. By the Cartan Lemma [I], there must be a symmetric matrix S
of functions such that

(35) t(alaaz;ﬁhﬂzﬁ):St(né,ﬂg,ﬂl,ﬂ27773)-
Let the entries of S be S, = Sy, with indices between 1 and 5. The additional
symmetry condition is £,¥ =0 mod Z. One computes that

LU =2(S15 + Sas — ' An? + 2(S12 + Ssa)mh An'!
+ (S11 — Saa + )3 An* — (S22 — Ssz +a)m5 An'

modulo 73, dn3, ¥. Therefore, we must have Spy = ¢ — Sy3, S34 = —S12, Syq =
S11+x and S33 = Sa2 +2. We may take (34) and ([B3)) as defining a Pfaffian system
of rank 6. Upon calculating the prolongation of this system, we find that the only
integral manifolds satisfying the independence condition 73 An3 Ant An?> An #0
have ¢ = 0, and satisfy the rank 6 Frobenius system defined by (34) and

da, = —xné + Spn? — bin® — agnl,

day = —zn; — Sun' — ban® + arny,

dby = —S14m3 — bany,

dby = S1a1z + bing,

d514 = b177§ — bg?]%

Since any Frobenius system of rank k is locally equivalent to a system of k first-
order ODE, it follows that the space of such symmetries is parametrized by six
constants, and hence is spanned by the projections of the Euclidean symmetries
into the complement of €. 0

Conservation laws. First we compute the space of conservation laws for the ideal
Z;. (This will, of course, be isomorphic to the space of conservation laws for Zo.)
Suppose that

©=Qn} Az +nt AnPl+nP Ay
is a closed form in Z;. Setting
dQ = Q11" +Q2m” + Q31> + Quni + Qs 1
and computing d® = 0 mod 1> shows that

y=—=Qsn' + Qun® + Qami — Q1.
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Then the condition d® = 0 gives the first-order PDE

Q3=0

and four additional second-order PDEs for Q). The compatibility conditions for this
system lead to five additional equations; the resulting system is not involutive, so
it must be prolonged. The resulting system is a Frobenius Pfaffian system of rank
six; thus the space of solutions (and hence the space of conservation laws for each
of Z; and Zy) is 6-dimensional. This is the expected result: the pseudospherical
system is variational, so by Noether’s theorem there is a one-to-one correspondence
between conservation laws and symmetries.

Next we compute the space of conservation laws for J, using the coframing
described above, i.e.,

91 = 27737 02 = 27735
W1:771_77?2,a w3:ﬁ1+ﬁ§a

14 cos) 1 —cosv
2_ 2 1 3 4_,2 1 3
w*=n"+mn3 “eng n°, wr=n 773_’_75111@/1

Suppose that
b =06, /\(P1 w1+P2 w2+P3 w3+P4 w4)+92/\(Q1 w1+Q2 w2+Q3 w3+Q4 w4)+R 01 /\05

is a closed form in J. Computing d® = 0 mod 61,60; shows that @1 = —P;,
Q2 = — P, Q3 = P3, and Q4 = P;. Next, computing d® = 0 mod w?,w?,8; — 6
shows that
(14 cosypl) Py + (1 — cose)) Py
2sin ’

Then the condition d® = 0 gives a system of 14 first-order PDEs for the four
functions Py, P, P53, Py. The compatibility conditions for this system lead to seven
additional equations; the resulting system is not involutive, so it must be prolonged.
The resulting system is a Frobenius Pfaffian system of rank seven; thus the space
of solutions (and hence the space of conservation laws for Z;) is 7-dimensional.

Now we ask the same question as in the sine-Gordon example: given a conserva-
tion law for 7y, is its pullback to J equivalent to the pullback of a conservation law
for 75?7 By contrast with that case, the answer here is yes. We can explain this intu-
itively using the duality between conservation laws and symmetries for variational
Monge-Ampere systems. The six independent symmetries of Z; are all symmetries
of B as well, unlike in the sine-Gordon case where the Lie transformation L, is not
a symmetry of B. Thus the pullbacks of the spaces of conservation laws for Z; and
75 span the same 6-dimensional subspace of the 7-dimensional space of conservation
laws for J. The significance of the “extra” conservation law for J is not clear; we
hope to explore this issue in the future.

R:

6. TIMELIKE CMC SURFACES IN LORENTZIAN QUADRICS

In this section we study parametric Backlund transformations for timelike sur-
faces of constant mean curvature in the standard negatively curved Lorentzian space
form. This example will show several similarities to the pseudospherical example,
but exhibits values for the Béicklund invariants which are different from any of the
previous examples. Before computing these invariants, we will briefly review surface
theory in this setting and construct the Backlund transformation.
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Let L?? denote R* equipped with an inner product with + + —— signature, and
let H*! be the quadric hypersurface in L?? defined by (x,x) = —1. Then H?!
inherits a Lorentzian metric from L%*? and is a homogeneous space form under the
action of O(2,2). Let F be the bundle of orthogonal frames (x, e1, e3, e3) such that
x € H*! and e; € TxH?!, with (e1,e1) = (e3,e3) = 1 and (ez,e3) = —1. On F we
define canonical 1-forms 7’, 7} satisfying

dx = e, de; = xn) + ejn!,

where 0 = n', 1§ = —n*, 03 = n°, ny =ni, i3 = —n3, N3 = 13, and the diagonal
n;’s are zero. The structure equations

dn' = —ni An?, dnh = —np AnF—n' An)

imply that all planes in H*! have sectional curvature —1 (see [I3] for curvature
conventions).

A timelike surface S C H?! is one to which the metric restricts to have +—
signature. A first-order adapted framing on S is a (local) lift into F such that es
is normal to the tangent plane of S. Such lifts may be modified by a Lorentzian
rotation of e; and es. Along such a lift ¥ C F we have n® = 0, and hence (30)
holds for a symmetric matrix of functions h;;. Computing the change in h;; under
rotations shows that det(h;;) and hi1 — hoo are invariants. In fact, the Gauss and
mean curvature of S are defined by

(36) dny = —Kn' An* = —nj Anj +n' AP,
2Hn' An? =3 An? 403 Ant.

The CMC system. Suppose S has constant mean curvature H. Then X is an
integral surface of the Monge-Ampere system generated by 1%, dn® and

U=z An® = Ant 4+ 2Hnt An?.

Integral surfaces of this system correspond to solutions of a certain second-order
hyperbolic PDE in local coordinates on .S obtained by choosing first-order adapted
frames which diagonalize h;;. For, suppose that his = 0, hyy = e?* + H and
has = €?* — H for some function u. Differentiating (B0) shows that e“n' and en?
are closed, and hence equal to dx and dy, respectively, for some functions z and y.
Determining 75 in terms of u and substituting in the Gauss equation ([B36]) shows
that, as a function of the local coordinates x and y, u satisfies the equation

Upy — Uyy = €% + (1 — H)e 2",

This is equivalent to the sinh-Gordon equation when H? > 1, the cosh-Gordon
equation when H? < 1, and to Liouville’s equation when H? = 1. Given a solution
u(x,y) of one of these equations defined on an open set U C R?, we can construct
the corresponding CMC immersion by integrating a compatible system of total
differential equations such as (3I)) and (32)). (In practice, the immersion will only
be defined on a sufficiently small neighbourhood of a given point in U.)

Remark. The correspondence between linear Weingarten surfaces in Riemannian
and semi-Riemannian space forms and solutions of a handful of “model” second-
order PDEs is set out in detail in the dissertation of Penn [14].
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Backlund transformation. A geometrically-defined Backlund transformation for
timelike CMC surfaces is provided by the following analogue of Backlund’s theorem,
which is also a generalization of a Backlund theorem for timelike minimal surfaces
in flat Minkowski space [5].

Theorem 1. Let U C R? be an open set and suppose x,%x : U — H?>! are two
timelike immersions with unit normal vectors es and €3 respectively, such that

(i) for each p € U, x(p) and X(p) are the endpoints of a spacelike geodesic of
fized length r > 0;
(ii) at each end, the tangent vectors to the geodesic orthogonally project to null
vectors in the tangent spaces to the surfaces S = x(U),S = x(U);
(iii) the inner product of the parallel transport of es along the geodesic from x

to X with the aforementioned null vector in TS is a constant h # 0.

2—h
2tanhr

Then both surfaces have constant mean curvature H = +

Proof. We may choose first-order adapted frames at corresponding points on the
surface so that e; + e+ e3 and €; + €3 + €3 are unit tangents to the geodesic which
are related by parallel transport along the geodesic. It follows that the adapted
frames must be related by equations of the form

X c s s s X
és | (1 -"h)c c (1-"h)c es
(37) er| | s c (1-k)e (1-k)e el |’
€2 —s (h=1)c (k=1)c (h+k—-1)c/) \e2
where ¢ = coshr, s = sinhr, and ¢?hk = 1. Computing and comparing the

canonical forms shows that

; 2-h
0=dip’ =y A =B AR =03 An® —n3 Ant + ——n' An”.
T=ng AN = AT =g AT = ng A+ e A

Thus, surface S has the desired mean curvature, and the mean curvature of S
follows by symmetry. (Note, however, that the sign of the mean curvature depends
on the orientation of the normal ez relative to e; and eg. Since the limit of (1)
as 7 — 0 interchanges e; and es, the sign of the curvature of the surface S, using
normal €z, is opposite from that of S.) ([

Thus, for any fixed value of H, there is a one-parameter family of Béacklund
transformations for timelike CMC surfaces in H*!. (Note that we may also allow
r < 0as well asr > 0 in (37).) For the rest of this section, we will restrict to
H =1, and so we will set

h =2(1+ tanhr), k= —(1—tanhr).

N =
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As in §5] we regard (37) as defining a 7-dimensional submanifold P € F x F x R.
Differentiation shows that the canonical forms, restricted to P, satisfy

al — 72 1 /14X 1—)\)<3— 2)

n—n nt—n 2r

g S , A=e"" £1,
<77§—77?1,> )\(1—)\ 1+ A 77%—1—77%

§:0)-500 )
mtng)  4\1=X 14+X)\n5—ng)’
7 i’ =0t =0+’ —n? +dr,
My + 13 — 73 = — (13 + 03 — 03 + dr).
G-structure invariants. On P, let K = {n?,773,dr}. The above relations imply
that
dii’ = (n3 +n') An* = (03 +1°) An' mod K
while
di’ = (n3 +n") An' — 03 +n*) An? mod K.
Thus, the coframe

1 1 2
w = —n°,
¢ = dr, 2 772 772 1 1
0, = 2 wi=mn3+n +n3+n,
’ 3 1 2
- w”=n +n°,
0 = 27, 7o

satisfies (I8) with A; = —1 and Az = 1. If we modify this coframe by setting
L B S 3
W=l — o+ dr,

2
wh=n5 -5 —n' +772+m(773+d7”)7
then we get a section of §. With respect to this coframe, we compute
By Ci Ei| 1 [x 200-1) 2) D] [0
By Cy Es 74(/\—1) _O 0 01’ Do 7_1 ’
A 20 —=1) =2X ro2

Bs C3 Es| _ 1 D3| _ |XZ1
By Cy Ey 4N —1) 27 4 A | Dy

X —1 A—1 L -1

As well, F; =2/(A—1) and F; = 0. In this example, we observe that
(1) The vectors {[By Bsg|, [C1 C2]} are linearly dependent, while {[Bs Ba],
[C3 C4]} are linearly independent.
(2) Each D-vector is perpendicular to the corresponding B-vector.
(3) The vectors [Ey Es] and [E3 E,] are each linearly dependent on the corre-
sponding C-vectors.

Symmetries. A computation similar to that in the proof of Prop. B yields:

Proposition 6.1. When H? # 1, the only symmetries of the CMC system for
timelike surfaces in H>' arise from rigid motions of H>! and Lorentzian rotations
of the first-order adapted frames. When H? = 1, the space of symmetries depends
(in the sense of Cartan-Kdhler) on two arbitrary functions of one variable.
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Conservation laws. First we compute the space of conservation laws for the ideal
Z;. (This will, of course, be isomorphic to the space of conservation laws for Zo.)
Suppose that

P=QmAn —nsAn" +20' AP+ 0’ Ay

is a closed form in Z;. Setting

dQ = Q1n' + Qan* + Q3 n® + Quni + Qs 73

and computing d® = 0 mod n® shows that

v =(Q2—2Qs5)n" + (Q1 +2Q4)n* + Qs 1} + Qanp.
Then the condition d® = 0 gives the first-order PDE

QR3=0

and four additional second-order PDEs for ). The compatibility conditions for this
system lead to three additional equations; the resulting system is not involutive, so
it must be prolonged. The prolonged system is involutive with last nonvanishing
Cartan character s; = 2, so the space of solutions (and hence the space of conserva-
tion laws for each of Z; and Z») depends on two arbitrary functions of one variable.
This is the expected result: the CMC system is variational, so by Noether’s theorem
there is a one-to-one correspondence between conservation laws and symmetries.

Next we compute the space of conservation laws for J, using the coframing
described above, i.e.,

61 = 27’3, 02 = 27737
w1:n1_772+773, w3:771—|—772—773,

w?=n3+n*+n3+0', w4:n§—n§—n1+n2+%n3-
Suppose that
® = O, APy w4+ Py w4+ Py w4+ Py wh) +02A(Q1 w +Q2 w? +Q3 wP4+Qu wh)+ R 01 N0,

is a closed form in J. Computing d® = 0 mod 6;,60; shows that @1 = —P;,
Q2 = — P, Q3 = P3, and Q4 = P;. Next, computing d® = 0 mod w?,w?, 8 — 6
shows that
R = %(P1 +P3) + ﬁpzl.

Then the condition d® = 0 gives a system of 14 first-order PDEs for the four
functions Py, Ps, P3, P,. The compatibility conditions for this system lead to four
additional equations; the resulting system is not involutive, so it must be prolonged.
The prolonged system is involutive with last nonvanishing Cartan character so = 1,
so the space of solutions (and hence the space of conservation laws for J) depends
on one arbitrary function of two variables.

Because the Cartan-Kéahler analysis does not give explicit expressions for the
conservation laws for Z; and Zs, it is difficult to determine whether the pullbacks of
these spaces to B coincide. In any case, since the space of conservation laws for J
is significantly larger than those for Z; and Zs, the pullbacks cannot possibly span
the entire space of conservation laws for J. Again, the significance of the “extra”
conservation laws for J is unclear, and we hope to explore this issue in the future.
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7. FURTHER RESULTS

Characteristic systems and their derived flags. We now give some results
relating the structure of the characteristics of the Monge-Ampere systems linked
by a parametric Backlund transformation to the G-structure invariants derived in
42

Recall that Ci1,C12 denote the characteristic systems of Z; and Ca1,Cos denote
those of 7o, and we have numbered them so that C;; = C2; and C12 = Coo modulo

K.

Theorem 2. If the vectors [By Bz|, [E1 Es] are both linearly dependent on [Cy Cs]
at each point of G, but at least two of these three vectors are monzero, then each
of C11 and Co1 contains a one-dimensional integrable subsystem. The analogous
conditions on [Bs By|, [Cs C4] and [Es Ey| imply that C12 and Cao each contain
one-dimensional integrable subsystems.

Before proving this theorem, we will need to explore the implications of the
structure equations (&) for the derivatives of the torsion coefficients A;, C;, and
D;.

Recall that R1, Ro denote the Cartan systems of 77,75 on G, and the pullbacks of
the characteristic systems to G include 7;C11 = {61, w!,w?}, m5Ca1 = {02, 0, &%}
The fact that the span {02, o!,@?} is the pullback of a well-defined system on M,
implies that

ot =

do? =0
Substituting in @' = w! + D¢ and @? = w? — D1 gives
dD1 = Dyas + Dl(’y — 044) — CQ(D3W3 + D4w4)

— Es01 + D1ob2 + D1jw' + Diow?®
dDs = Diag + DQ(’)/ — 041) +C4 (D3w3 + D4w4)

+ E161 + Db + Dojw" + Dapw?

} mod 6o, &', &%, A%(Ry).

(38) mod ¢

for some functions D1; and Dsj;. (In fact, computing d(df2) = 0 and reducing
modulo #5 and w3 shows that Dis — Dy = F5.) We can derive analogous formulas
for dD3 and dD4 by working with Cys.
Computing d(dw') = 0 and d(dw?) = 0, and reducing modulo w', w? gives

dCy = C1(B1 + Ba — a1) — Coca + (B — C1F1)¢ + A2 B1601 — B0
(39) + Cll‘«d1 + 012w2 + C13&73 + 014;}4,

dCy = Co(B1 + Ps — aa) — Cras + (B2 — CoF1)¢ + A2 Bo6y — Babs

+ Co1w? + Coow? + Ca3® 4 Cpya?

for some functions C7; and Cs;. Then computing d(df2) =0 mod 6, gives

dAy; = Ag(ﬂl + B4 — g — 044) + AQFQC + Cza)l — C1&2 + Agpbs + A23w3 + A24w4

for some functions As;.

Recall that the derived system of a Pfaffian system C is spanned by those 1-
forms in C whose exterior derivatives are congruent to zero modulo C, i.e., are
linear combinations of wedge products, each of which has a form in C as one of
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its factors. The derived system, denoted by CV)| is equal to C if and only if C is
Frobenius. The derived system of C(!) is denoted by C(®, and so on.
It is easy to see from the structure equations ([H) that

e = {w! — 01601, w? — o).
Similarly, using the derivative formulas ([B8]), one computes that
mCSY = (@' = (C1/A2)0s, & — (C2/A2)02}).
It follows that
d(&vjl — (Cl/AQ)QQ) =0 mod C,T)l — (Cl/AQ)@Q, CT)Q — (CQ/AQ)QQ, A2(R2),

and this implies the identities
(40)
AsD1o + C1 D11 + CoD12 = D1Cog — D2Co1 — D3Coy 4+ DyCoz + Eo — CoF,

A2Dog + C1 Doy + CoDap = DyChy — D1Chg + D3Chy — DyChz — By + C Fr.
We are now ready to prove Theorem

Proof. By hypothesis, there exists a sub-bundle §’ C G on which
(41) Bl = C1 = E1 = 0,
and we will restrict all forms and functions to this sub-bundle. Then on &',
el = {wh, W? = Gy}, miCl) = (@', @2 — (Ca/A2)0,}.
Computing d(dw') =0 on §’ and reducing modulo w!,w? gives
s A\ (91 A (Ba2by — Ex() + Co@® A (54) =0 mod wh,w?.
Since C # 0 and at least one of Bs, F5 is nonzero, the 2-form in parentheses has
rank four, and it follows that as = 0 modulo w',w?. In fact, substituting (&) into
(B9) shows that
_ Criw! + Craw?
==

and that C13 = C14 = 0. It now follows from ([H) that dw! = 0 mod w!. Thus,
77C11 = {01,w!, w?} contains the integrable 1-form w?.

Furthermore, we compute that

d&vjl =0 mod &17 CT)Q — (CQ/AQ)QQ,

Qg

which implies that @! € wgcé?. (Here, it is necessary to compute keeping the
identities (H0O) in mind.) The dimension of this second derived system is upper
semi-continuous, and bounded above by dim Cg) = 2. Hence we may assume that
either Cg) = Cg) on an open set in Mj, in which case Cg) is Frobenius and must
contain an integrable 1-form, or dim C;?) = 1 on an open set. In the latter case,
then wgcé? = {©'}, and so necessarily
do' =0 mod &', A*(Ry).
However, we compute that

aot = Do (92 - (AQ/CQ)&VJ2) A¢ mod a}l’

so it follows in this case that Dog = 0 and @' is integrable. O
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Corollary 7.1. If [Dy D3] is perpendicular to each of [By Bs], [C1 C2] and [Ey E2],
and if at least two of those three vectors are nonzero, then the intersection of Ci1
and Ca1 contains a one-dimensional integrable subsystem. Analogous conditions on
[Bs By|, [C5 C4], [Ds Dy4] and [Es E4] imply that C12 and Caa share an integrable
1-form.

Proof. As in the proof of the previous theorem, we may restrict to the sub-bundle
G’ where By = C; = E;. Then Dy = 0, and w' = &' is an integrable 1-form
common to both systems. O

Symmetric Backlund transformations. We will say that a parametric Béck-
lund transformation (P, My, M) is symmetric if there is a vector field w on P such
that

(a) w is a symmetry of each of the one-dimensional Pfaffian systems {61}, {02}
and {C};

(b) w is transverse to the leaves Bjy;

(¢) w has nonzero projections to M; and M.

Although the Bécklund transformations for the sine-Gordon equation and for Gour-
sat’s equation are symmetric, the Backlund transformation for pseudospherical sur-
faces and the transformation for CMC surfaces with H? # 1 are not symmetric,
since the only relevant symmetries of the underlying systems arise from rigid mo-
tions of the ambient space, and these do not change the Bécklund parameter. The
same argument cannot be applied to the CMC system with H = +1, since in that
case the space of symmetries (excluding rotations of first-order adapted frames) is
not finite-dimensional, but depends on two functions of one variable.

Proposition 7.2. The parametric Bicklund transformation of 48 for surfaces of
constant mean curvature H = +1 is not symmetric.

Sketch of the proof. Let w be a vector field on P and let w - w?® = 27, Wij- = y;
and w—dr = f. Condition (a) above is equivalent to

Lydu = godu,
Lun® = g1,
Lui® = ga2if°

for some functions go, g1, g2. Regard these equations as defining a rank three Pfaf-
fian system on P x R0 with f and the g;, z°, y; as the extra variables. The
integrability conditions for this Pfaffian system imply that f = 0, and hence there
are no vector fields that satisfy both conditions (a) and (b). O

CONCLUDING REMARKS

There are many issues raised here that merit further exploration. These include:

e In all of the examples computed here, the E-vectors and C-vectors are
linearly dependent, and the B-vectors and D-vectors are perpendicular. Is
this true in general? If not, what is the significance of these conditions?

e What is the significance of the “extra” conservation laws for the system J
on B appearing in the sine-Gordon and CMC examples?

e [s there a condition on the invariants of the G-structure that indicates
whether or not a Backlund transformation is symmetric?



PARAMETRIC BACKLUND TRANSFORMATIONS I: PHENOMENOLOGY 1093

e What is the relationship between the invariants defined here and the contact
invariants of Z; and Zs as hyperbolic Monge-Ampere systems? In particular,
what necessary conditions does the existence of a parametric Backlund
transformation impose?

We hope to explore these issues in future papers.
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